Abstract: We prove that a group is hyperbolic relative to virtually nilpotent subgroups if and only if there exists a Gromov-hyperbolic metric space with bounded geometry on which it acts as a relatively hyperbolic group. As a consequence we obtain that any group hyperbolic relative to virtually nilpotent subgroups has finite asymptotic dimension. For these groups the Novikov conjecture holds.
Theorem 0.1 Let Γ be a finitely generated group, hyperbolic relative to family G of finitely generated subgroups. Then, every element of G is virtually nilpotent if, and only if, there exists a space X associated to Γ that has bounded geometry.
The purpose of this Note is to prove this characterisation, and explain how, in this case, one can deduce short proofs of significant results, that appear to be known only in special cases. Namely we prove that these groups have finite asymptotic dimension, a property with strong consequences.
The asymptotic dimension of a metric space was introduced by M. Gromov in [G3] . For an introduction, let us cite J. Roe [R] , and works of A. Dranishnikov, and G. Bell (for example [DB] ). It is noted asdim(X), for a space X, and is defined as follows: it is an integer, and it is less than n ∈ N if, and only if, for all d > 0 there exists a uniformly bounded covering of X with d-multiplicity at most n + 1.
We mean, by uniformly bounded covering, a covering by subsets that have uniformly bounded diameter, and by d-multiplicity of a covering, we mean the maximal number n such that each ball of radius d intersects at most n elements of the covering. For the classical examples, the notion gives what is expected, as for example, for Euclidean and hyperbolic spaces, asdim(R n ) = asdim(H n ) = n.
Corollary 0.2 Let Γ a finitely generated group that is hyperbolic relative to a family of virtually nilpotent groups. Then, the asymptotic dimension of Γ is finite.
Shortly after our preprint was first posted, Osin announced a result in [O] that generalises our result for groups hyperbolic relative to a family of groups that have finite asymptotic dimension. He uses completely different methods.
Once Theorem 0.1 is established, the Corollary 0.2 follows from the embedding theorem of M. Bonk and O. Schramm [BS] , stating, in particular, that any geometrically bounded Gromov-hyperbolic geodesic space is quasi-isometric to some convex subspace of some hyperbolic space H n . Such a space is known to have asymptotic dimension at most n (see [R] or [G3] ). Applying this to the space associated to Γ given by Theorem 0.1, we get that Γ acts properly discontinuously by isometries on a space that has finite asymptotic dimension. Therefore, it has finite asymptotic dimension itself (see Prop. 1 in [DB] ).
It has been proved by important results that the notion of asymptotic dimension is relevant to answer non trivial questions, such as coarse Baum-Connes and Novikov conjectures. G. Yu proves in [Yu] the coarse Baum-Connes conjecture for proper metric spaces with finite asymptotic dimension. From his result the strong Novikov conjecture holds for finitely generated groups whose classifying space has the homotopy type of a finite CW-complex and whose asymptotic dimension is finite. Later, in [CG] , Carlsson and Goldfarb complete the result of Yu proving the integral Novikov conjecture for the same class of groups. Hence our next corollary is the following.
Corollary 0.3 The Novikov conjecture holds for torsion-free groups hyperbolic relative to families of nilpotent subgroups.
It was shown in [D1] that such groups admit finite classifying spaces. Let us mention that previous work of B. Goldfarb essentially reduced Corollary 0.3 to certain relatively hyperbolic groups, in [Go] .
In order to prove Theorem 0.1, we make use of a certain space X associated Γ, that is constructed by B. Bowditch in [Bow2] when he proves that certain definitions are equivalent.
In this model, we first prove, by a growth argument, that, if the horospheres have polynomial growth for their length metric, then the horoballs are geometrically bounded. Then we prove it for the whole space X, using the co-compactness of the action on the complement. The converse is easier, and finds its roots in a claim of M. Gromov [G3-p.150 ] titled "Generalised and Weakened Margulis Lemma".
We like to thank to Ilya Kapovich for bringing the question to our attention, and for his encouragements.
Preliminaries
Let Γ be a finitely generated group. We note gr the growth function of Γ: for all R gr(R) is the cardinality of a ball of radius R. It is a well known Theorem of M. Gromov that a finitely generated group is virtually nilpotent if and only if it has polynomial growth (i.e. gr(R) ≤ CR p for some constants C and p). We formulate this latter condition in a slightly different way in the following lemma.
Lemma 1.1 Given Γ a finitely generated group with a word metric. The followings are equivalent:
A1) There exist a constant µ > 0, such that for all ǫ < 1 there is a constant N such that for all R with ǫR > µ and for all ball B(R) of radius R in Γ one can cover B(R) by at most N balls of diameter ǫR.
A2) The growth of Γ is polynomial.
Proof. If one assumes A1, then, for all sufficiently large R,
, what we wanted (note that log(ǫ) < 0). Conversely if one assumes that Γ has polynomial growth, then let us recall: Theorem 1.2 (H. Bass [B] ) A group G has polynomial growth if, and only if, there exist constants
If one assumes that A1 is not satisfied, then there is ǫ > 0, and for all N > 0, there exists R such that a ball of radius R contains N + 1 disjoint ball of radius ǫR/2. It is easy to see from a counterexample of A1: consider B 1 , . . . B N+1 , N + 1 balls of radius ǫR/2 in a ball B of radius R, and assume that the balls of same center but of radius ǫR do not fill B, we choose x be a point in the complement of this union, in B. Hence, if the balls B 1 . . . B N+1 intersect, one can exchange one of them with a ball of same radius centered in x, and this one intersect no other, being at distance at least ǫR + 1 from any other center. After at most N of these moves, one has the desired family.
Then it follows that gr(R)
As this is true for all N this yields a contradiction. ♦
Polynomial growth for groups and bounded geometry for horoballs
In this section given a group G we introduce a hyperbolic space C(G) associated to G such that if the group G has polynomial growth then C(G) has bounded geometry. It will later play the role of a horoball of a complete geodesic proper space. The construction of such space C(G) is originally due to Bowditch, who use similar construction in [Bow2] in order to study relatively hyperbolic groups. Let us start by giving the tools and notions we use in the rest of the section.
A spike in the hyperbolic plan H 2 is a closed region bounded by two asymptotic geodesic rays and horocyclic arc of length 1. More precisely we can define a spike T as the region [0, 1] × [1, ∞) in the upper half model. We write T t ⊂ T for the region [0, 1] × [e t , ∞), (so T 0 = T ). Note that T t is the intersection of T with the horodisc that is t-hyperbolic length above from the horocyclic boundary of T .
Let K be a connected graph. We construct a space C(K) containing K by taking a spike for every edge of K and gluing them together by isometry along the bounding rays, in the pattern prescribed by K. Thus C(K) is a hyperbolic 2-complex with its metric that we denote by ρ. The 1-skeleton of C(K) consists of a copy of K and geodesic rays, one for each vertex of K and all are asymptotic.
C(K) is a Hausdorff topological space and can be compactified by adding an ideal point a.
A neighbourhood basis for a is given as the complement of bounded subsets of C(K). We note that when K is locally finite graph C(K) is complete and locally compact. We also observe that (C(K), ρ) is Gromov-hyperbolic. To see that it is enough to note that if α is a loop in C(K) then its area is bounded by its length as it bounds a disc conned over the ideal point a.
The Gromov boundary ∂C(K) of C(K) consists of exactly 1 point identified with a. Moreover K ⊂ C(K) is a horosphere based at a bounding the horoball Hb = C(K). For each t ≥ 0 we denote by Hb t the horoball based at a and that is t-hyperbolic distant from K, and by K t its horocyclic boundary. Hence Hb 0 = C(K) and K 0 = K. Note that K t with its induced metric is isometric to (K, d t ) where d t is the metric that associates to each edge of K the length e −t , i.e d t = e −t d 0 . Hence d t will also denote the metric induced on K t . We note also that Hb t are convex in C(K).
Next we give some remarks and notations that are used in proving Proposition 2.1. The remarks given below are elementary for our case and one can find similar result Gromovhyperbolic spaces (see for example [Bow1] ).
There exists constants A, B > 0 and α, β > 0 depending only on the constant of hyperbolicity of (C(K), ρ) such that for all t ≥ 0 and for all x, y ∈ K t we have B exp (βρ(x, y)) ≤ d t (x, y) ≤ A exp (αρ(x, y)).
For the rest, B (R) denotes an (open) ball of diameter R in C(G) and for all t, D t (R) denotes an (open) ball of horospherical diameter R in K t . Given a ball B, B refers to the closure of B. We denote by Diam and diam t the diameters respectively in C(G) and in K t .
We denote by π t the orthogonal projection map on K t . For all t ≥ t ′ ≥ 0 and for all x, y ∈ K t ′ we have d t ′ (x, y) = exp(t − t ′ )d t (π t (x), π t (y)). Note that the projection map π t sends the balls of K t ′ to the balls of K t . In other words for all R and t ≥ t ′ one has Let G be a finitely generated group given with a preferred set of generators and let K G be its associated Cayley graph. We consider the space C(K G ) = C(G) the space constructed as above as union of spikes and K G . Thus C(G) is complete locally compact Gromov space and all the notation above are valid for this space.
Proposition 2.1 G has polynomial growth if and only if C(G) has bounded geometry.
Below we give only the proof that if G has A1 then C(G) has bounded geometry. In fact the proof of the other direction is exactly the same proof as in the proof of the of Theorem 0.1 showing that bounded geometry on a horoball implies A1 on G. We also note that in the proof of Theorem 0.1 we only make use of the direction given below.
Proof. We identify G with the set of vertices of a Cayley graph
We take a ball B(R) of diameter R in C(G). We want to cover B(R) by f (R)-balls of diameter 1 in C(G), where f (R) depends only on R. We denote by t min the minimal number for which K t min ∩ B(R) = ∅ and by t max the maximal number for which K t max ∩ B(R) = ∅. Note that t max − t min = R. We consider the smallest cylinder C(R) containing B(R) with basis in K t min and K t max . It has diameter R. To cover B(R), it is enough to cover C(R) by f (R)-balls of diameter 1 in C(G).
We divide the band remaining in between K t min and K t max into 2R bands of wide 1 2 by considering the horospheres K t n = K t min + n 2 for n ∈ {0, . . . , 2R}. For all n, denote by D n the intersection of C(R) with K t n . Observe that this is a ball of diameter less than Ae αR in K t n .
We know also that for any ball D t n (Be
, and its projection on K 0 is ball of diameter Bexp(
2 ) there exists a N = N (ǫ) depending only on ǫ, and hence only on R, such that π 0 (D n ) can be covered at most by N (ǫ) balls of diameter Bexp( β 2 + t n ) in K 0 . Finally this gives a covering of D n at most by N (ǫ) balls of diameter Be β 2 in K t n after projecting back the covering of
For a each n ∈ {1, . . . , 2R}, consider the band between K t n and K t n−1 and a family D j n , j ≤ N (ǫ), of balls covering D n in K t n . Consider the cylinders with basis D j n and π t n−1 (D j n ). We see that these cylinders covers the band between K t n and K t n−1 and there are at most N (ǫ) of them. Moreover in C(G) the diameter and the hight of each of these cylinders is less than 1/2, hence they all lies in balls of diameter 1. Thus we obtain a covering of the band between K t n and K t n−1 by at most N (ǫ) balls of diameter 1 in C(G). This gives us the required covering of C(R), and hence of B (R) , by at most 2RN (ǫ) balls of diameter 1 in C(G). Hence by setting f (R) = 2RN (ǫ) = 2RN (R) we have the result. ♦
Proof of Theorem 0.1
In this part we give the proof of Theorem 0.1. We will refer to a work of Bowditch ([Bow2] ) where he gives a combinatoric characterisation of relative hyperbolicity and use his constructions and results from this work.
We recall now some of the results and constructions given by Bowditch in [Bow2] . Given a group Γ hyperbolic relative to the family G and a space X associated to Γ, he shows that there is a family of disjoint Γ-invariant, quasi-convex horoballs H p based at parabolic points p ∈ ∂X with following properties ⋆ there is only finitely many orbits of horoballs, ⋆ the quotient of an horosphere based at p (i.e the frontier in X of an horoball based at p) by the stabiliser of p in Γ is compact, and ⋆ the quotient of X\ p Int(H p ) by Γ is compact.
The proof of these statement can be found in [Bow2] Chapter 6 under Lemma 6.3 and Proposition 6.13. Moreover he proves that there exists another associated space to Γ where the horoballs can be chosen to be isometric to the space C(G) where G is a maximal parabolic subgroup in G ( [Bow2] Chapter 3, Lemma 3.7 and Theorem 3.8). Recall that C(G) is the space constructed in part 2 from a finitely generated group G by adding spikes to its Cayley graph. We will refer for the rest this particular space as Bowditch's space. In general a space X associated to a relatively hyperbolic group Γ is very different from Bowditch's space. The horoballs in two spaces associated to a relatively hyperbolic group are generally not quasiisometric.
Proof. (of Theorem 0.1) We first prove if the parabolic subgroups are virtually nilpotent then there exists a space X of bounded geometry and associated to a relatively hyperbolic group Γ. In fact it suffices to take X to be the Bowditch's space. As Γ acts on X\ ∪ p intH p cocompactly X has bounded geometry if and only if horoball in X has uniformly bounded geometry. On the other hand since there are only finitely many orbits of horoballs it suffices to show this for only finitely many horoballs. Moreover since each horoball H p can be chosen isometric to a C(G) where G is the stabiliser of p in Γ, we see by Proposition 2.1 that C(G) has bounded geometry if and only if G has polynomial growth, and hence is virtually nilpotent.
Note that for such choice of L one has R ≤ Be βL e θt − η. This proves the claim since ǫR ≥ Ae α e θt + η. Let D(R) be a ball of diameter R in f r(H p ). Observe that there exists a ball B(L) in X such that for all x, y ∈ D(R) their projectionsx,ỹ lies in B(L). In fact if x, y ∈ D(R) then d
′ (x,ỹ) ≤ e −θt (R + η) ≤ Be βL and hence ρ(x,ỹ) ≤ β −1 ln(B −1 d ′ (x,ỹ)) = L. Similarly if ρ(x,ỹ)) ≤ 1, for x, y ∈ f r(H p ) then we see that x, y lies in ball D(ǫR) in f r(H p ), since d(x, y) ≤ Ae α e θt + η ≤ ǫR. Now by assumption of bounded geometry on H p we can cover B(L) by at most f (L) balls of diameter 1 in X. Remark that here f (L) depends only on L, hence only on ǫ and constant of hyperbolicity of X by its choice. Denote byD(R) the set in f r(H . Thus when we project back this covering ofD(R) onto f r(H p ) we obtain a covering of D(R) by at most f (L) balls of diameter ǫR. Thus we have shown that for ǫ there exists a N (ǫ) = f (L) depending only on ǫ such that for all R, any ball of diameter R can be covered by at most N (ǫ) balls of diameter ǫR, which proves the assertion. ♦
